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A network model is proposed allowing the transient effects in electrokinetic phenomena to be
studied in terms of the network thermodynamics concept. Relaxation times for the build-up of
electroosmotic pressure and streaming potential, time required for the electrokinetic energy
conversion to reach its maximum efficiency and the optimum outforce for the energy conversion
are readily obtained by this method.

Electrokinetic phenomena involve conversion of mechanical energy into electrical
cnergy and vice versa. The efficiency of the energy conversion has been studied on
both the theoretical' > and experimental®'# levels, and its dependence on the proper-
ties of the system have been analyzed®. The above studies are based on the thermo-
dynamics of irreversible processes, where the efficiency of energy conversion is
regarded as the ratio of the output flow and force to the input flow and force. Kedem
and Caplan? gave explicit expressions for the conditions of the maximum efficiency
within the scope of Onsager’s thermodynamics. More recently, Peusner® extended
this concept to the non-reciprocal linear range using network thermodynamics
theory” ~°. The network approach enables a thermodynamic system to be described
by a graphical representation analogous to circuit diagrams in electrical network
theory.

Transient processes in the two electrokinetic phenomena, viz. electroosmotic
pressure and streaming potential, have been analyzed by several authors®-'?712,
While the efficiency of energy conversion in these processes is zero in the initial
state (1 = 0) and in the stationary state (t — o0), between these limiting states it is
nonzero. Thus, important parameters of the processes are the time the efficiency of
crnergy conversion reaches its maximum and the corresponding value of the output
quantity. These can be determined in a simple and general way by using network
thermodynamics methods.
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In this paper, a linear energy converting two-port is set up allowing transient
effects to be included in the study of the dynamics of electrokinetic phenomena.

THEORETICAL

In the linear range, the electrokinetic phenomena are described by phenomenological
equations which, in conductance terms, can be written as

Jy =L X{ + Li5X,,
Jy = Ly X + Ly X,, (1)

where J; and X; are thermodynamic flows and forces, respectively, and L;; are
phenomenological coefficients, assumed in this treatment to be constant. Classical
electrical network theory shows that for reciprocal systems (L;, = L), Eqs (1)
can be represented by a passive IT-network model (two-port), involving three con-
ductances, viz. Ly; — Ly,, L,,, and L,, — L;,, and no current or voltage sources.
The relaxation in the transient processes then can be accounted for by including
a capacitor in this model. For the situation where the input force X, is maintained
constant, the model so obtained is shown in Fig. 1a.

The efficiency of energy conversion, 7, can be described by the equation

n = (—XJ)[(XiJ)) = (—X202)[(X1J4), @)

where the subscripts o and i refer to the output and input quantities respectively and
the negative sign is related with the opposite directions of the input and output
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a Network model of transient effects in electrokinetic phenomena: X; = constant. b Thevenin’s
model. Symbols are given in the text
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signals. Using-Eqs (1), n can be written as

_ X3 + (LiofLas) X, X, )
(le/Lzz) X, X, + (L11/L22)X§

(3)

r’:

The network shown in Fig. 1a can be readily analyzed by using the Thevenin theorem
(Fig. 1b). From this model we obtain directly

(7/L22) (X2[dt) = —(Ly1z[L22) Xy — X, (4)

which integrated for the initial condition X, = 0 (1 = 0) gives

X; = —(Lis[L22) X1[1 — exp (—1[7)], )
where the relaxation time 7 is given by
T =9/L,,. (6)
In the stationary state (1 - o), force X, takes the value
Xy(00) = —(Ly3/L22) X . 7)
By inserting Eq. (7} in Eq. (3), the efficiency is obtained in the form

_ Xo[X5(0) — X,] )
X5(0) [X5(0) 7% = X,]

(8)

where g = Ly,(Ly;L,,)” /2 is the well-known degree of coupling, which serves as
an indicator of the energy conversion process.

The maximum efficiency can be found from the condition
onjox, =0, 9)
wherefrom the optimum outforce (X ,) for energy conversion is

(X Dmax = Xocc)[[1 + (1 = ¢*)"'7]. (10)

By substituting in Eq. (8) we obtain an expression for the maximum efficiency that
is identical with the result obtained by Kedem and Caplan®. Furthermore, Eq. (10)
reveals that if the coupling is small (g < 1), n attains its maximum when the output
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force assumes half of its stationary state value; this agrees with the experimental
result obtained by Blokhra and coworkers?,

The time required for attaining the maximum efficiency of energy conversion can
be calculated by inserting Eqs (7) and (10) in Eq. (5), which gives

(= L+ (- @)Y - @) (1)
if the coupling is small (¢ < 1), then
t=tln2. (12)

For cases where the process meets the condition that X, is constant, the above
expressions can be obtained in a straightforward way. It is only necessary to change
the subscripts 1 and 2 of the phenomenological variables and coefficients.

To obtain values of the capacitance y in the network model, we only have to take
into account the constitutive law of a capacitor, viz.

J = y(dX/dr). (13)

Thus, when identifying J, and J, with the volume flow and electrical current,
and X; and X, with the pressure and electrical potential differences, respectively,
the current in a streaming potential process (X ; is constant) is given by

J, = dQJdr = C(dX,/d1), (14)

where @ and C are the electrical charge and capacitance, respectively. Comparison
of Egs (/3) and (74) shows that y is equal to the electrical capacitance of the system.
Similarly, the volume flow for the case where X, is constant can be written as

Jy = s(dh/dt) = (s/eg) [d(egh)[dr] = (s/eg)(dX,/d1), (15)

where s is the cross-section of the capillary tube in which the liquid rises to the height i
during the electroosmotic flow, ¢ is the density of the liquid and g is the gravitational
acceleration. The capacitance of electroosmosis is obtained by comparison of Eqs (/3)
and (15).

In conclusion, analysis of a conveniently set-up two-port allows transient effect in
electrokinetic phenomena to be studied by network thermodynamics methods. In
particular, this approach enables the relaxation times for the build-up of the electro-
osmotic pressure and streaming potential as well as the time in which the maximum
efficiency of the electrokinetic energy conversion is reached, along with the optimum
outforce. to be easily obtained.
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